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Surface stress in solids is defined by the change in excess free energy when the interface is deformed at constant referential area. 1 This stress is caused by the differences in configuration and in coordination numbers between atoms at the surface and in the bulk. It is particularly important at the nanometer scale, in heterogeneous solids with large specific surface. The effect of surface stress has been incorporated in solutions of several different problems, such as thin film stress evolution during deposition, 2 and effective properties of nanocomposites. The strain energy, overall response, as well as the local fields in these structures can be dramatically changed by surface effects. Recent studies [3] [4] [5] [6] indicate that the surface effect is a critical factor in the physical behavior of materials containing inhomogeneities of a sufficiently small size. Our objective in this work is to further investigate the role of surface effects in macroscopic response of unidirectional composites. Instead of providing an estimate of the overall properties, we will show that exact size-dependent connections exist between the overall and phase axisymmetric moduli. In addition, similar connections will be derived between the effective thermal expansion coefficients and the effective elastic moduli and phase thermomechanical properties. It is well known that in the context of micromechanics of composite materials with negligible interface stress effects, there exist exact connections between the overall and local axisymmetric moduli and phase volume fractions of unidirectional two-phase composites. 7 Moreover, the overall coefficients of thermal expansion can be determined for twophase systems on the basis of known overall elastic moduli, and thermoelastic moduli and volume fractions of the constituent phases. 9 These two sets of connections can be viewed as analogs of Hill's 7 connections and Levin's formula 9 to fibrous systems with circular cylindrical nanoinclusions which exhibit surface effects.
We consider a unidirectional two-phase nanofibrous composite with transversely isotropic phases or constituents, and with interfacial properties that are elastically isotropic in the transverse plane. The composite medium is considered to be statistically homogeneous. The fibers are of circular cross sections, with the same radius. They can be arbitrarily distributed in the transverse plane of the matrix, or arranged in any preferred manner. If the fibers are randomly distributed or placed in a hexagonal array, the overall behavior of the composite is effectively transversely isotropic, characterized by five effective elastic constants. If the fibers are arranged periodically, the overall behavior could be orthotropic or even of less symmetry. 10 Here without complicating the main issue we will assume that the overall behavior is effectively transversely isotropic. We will prove that under a specific type of external loading and uniform temperature change, it is possible to have a uniform deformation field throughout the whole composite medium, together with piecewise uniform stresses in equilibrium. This particular solution can be viewed as a characteristic field in various admissible deformation modes. Making use of this particular solution, we prove the said two sets of exact connections. The formulation is broadly based on the concept of uniform strain fields in heterogeneous media. 16 Surface/interface stress can be defined in various ways, as reviewed by Cammarata.
11 Two independent interface stresses have been reported in the literature: one is associated with a coherent interface, in which the tangential or interior strain components are equal on both sides of the interface, while the other allows for different tangential strains at the two sides. 12 In the present study we are concerned with the former, coherent mode of deformation in which no atomic bonds are broken at the interface surface. Interface stresses are described as ͑2 ϫ 2͒ symmetric tensors in the tangent plane ͑strains normal to the surface are excluded͒. It is generally thought that the surface stress tensor ␣␤ s is related to the deformation-dependent surface energy G͑ ␣␤ ͒ by the equation [13] [14] [15] 
where ␣␤ s is the ͑2 ϫ 2͒ surface strain tensor, ␦ ␣␤ is the Kronecker delta for surfaces, and the constant 0 is the constant residual surface tension. Note that 0 in ͑1͒ is a constant residual stress or eigenstress that has no effect on overall thermoelastic moduli, but may contribute an overall transfor-mation strain or eigenstrain. Therefore, we do not include 0 in the derivation of the moduli.
The constitutive relations of both transversely isotropic constituent phases, with the z-axis of rotational symmetry, are written as
where the index k = f , m denotes the inclusion and the matrix, respectively. The coefficients k, l, n, m, and p are Hill's 7 phase moduli,␣ T and ␣ A are the linear transverse and axial coefficients of thermal expansion, and 0 is the uniform temperature change. The surface properties are distinct from those of the constituents, and depend on mutual crystallographic orientation of the constituents. In the present work, we assume that the surface has different elastic moduli E s and E z s and Poisson's ratios z s and z s in the hoop and longitudinal fiber directions, respectively. Their magnitudes are constant along the circumference. In a cylindrical coordinate system ͑r , , z͒ defined at the center of each fiber, the constitutive relations of the interface then are
We now consider a representative volume A of the composite ͑Fig. 1͒ in a Cartesian coordinate ͑x 1 , x 2 , x 3 ͒, and prove the existence of a certain axisymmetric loading path, that includes a uniform temperature change 0 , such that it creates a uniform deformation field in the representative volume, described by the displacement field,
where e 0 and 0 are some constants. The corresponding strain field is uniform in the representative volume and isotropic in the transverse plane, hence the ͑r , , z͒ system can be positioned at the center of each fiber and the strain field written as rr = e 0 , = e 0 , zz = 0 , ͑5͒
Next, under the axisymmetric deformation mode, it can be proven that the interface conditions with surface effects are described by 8 ͉u f ͑r͉͒ r=a = ͉u m ͑r͉͒ r=a , ͑6a͒
It should be mentioned that if the fibers are not of circular cross sections, then the interface condition ͑6a͒ will be different. The right-hand side of ͑6b͒ involves a surface divergence of interface stress tensor which is generally an interfacial-position-dependent function. Back to ͑6͒, the interface condition ͑6a͒ is automatically satisfied by the spatially continuous field ͑4͒. The condition ͑6b͒ can then be expressed as
using ͑4͒, ͑5͒, and ͑2͒, where ⌬͑·͒ϵ͑·͒ m − ͑·͒ f . This suggests that the homogeneous deformation field ͑4͒ will prevail if the external loads e 0 , 0 , and 0 are properly selected. Note that this is possible even if 0 = 0. We mention that in this situation the fibers can be viewed as neutral inclusions 17 in a host matrix without disturbing the field ͑4͒.
Next, we derive the overall stress and strain of the composite medium, using the local fields ͑5͒ that now satisfy ͑7͒. The overall elastic stiffness of a transversely isotropic solid can be written in terms of Hill's moduli that relate the stresses and elastic strains averaged over the composite A and denoted by overbars as
The ␣ T * and ␣ A * are the effective linear coefficients of thermal expansion in the transverse and axial directions, respectively.
The volume averages of local and overall fields in composites with various types of imperfect interface were derived by Benveniste and Miloh. 18 Note that in their formulation, it is assumed that ⌫ is a surface which encapsulates the inhomogeneity. Thus, in our case, the average fields in the transverse plane can be written as
where A f is the area of the fiber, n is the outward normal of the interface, ⌫ denotes all the fiber-matrix interfaces, and c k is the volume fraction of the phase k. Along the axial direction, 33 = 33 f = 33 m = 0 and the averaged stress in the axial direction can be derived as
Since the strains and the stresses are spatially uniform inside the composite, the fields are exactly equal to their average quantities. Further, noting that the field is hydrostatic in the transverse plane, the surface integral becomes 
͑11͒
where i , j =1,2. Using ͑5͒, ͑2͒, and ͑11͒ in ͑9͒ and ͑10͒ will give
After rearrangements, and with regard to the constraint condition ͑7͒, we find the two types of exact conditions. The first type is
This equality can be viewed as an analog of Hill's 7 universal connection with surface stress effects. It implies that only one of the three effective constants, k * , l * , and n * , is independent. Note that the connections are size dependent and apply to composites containing unidirectional circular fibers of the same size, whereas the Hill connections hold for unidirectional two-phase composites with any statistically homogeneous arrangement of the microstructure.
Relations of the second type connect the effective linear thermal expansion coefficients to the known effective axisymmetric overall moduli, thermomechanical phase moduli, and volume fractions:
This can be viewed as a counterpart to Levin's formula for unidirectional two-phase system with surface effects. We observe that if we regard
as the moduli of a replacement fiber, then ͑13͒ and ͑14͒ follow exactly the same form as those of classical Hill's connection and Levin's formula. Also, when the interface prop- To summarize, interface stress effects can be characterized by a continuity of interface displacements accompanied by a jump in tractions across the interface. In particular, a uniform deformation mode is shown to exist in a composite with surface stress effects at the fiber-matrix interface, under a specific proportional loading path. This allows derivation of exact, size-dependent connections between the overall axisymmetric elastic moduli, and phase moduli and volume fractions and also between the overall coefficients of thermal expansion, and the overall axisymmetric moduli and phase thermoelastic moduli and volume fractions. These findings provide insights into the effect of interface stress on overall response of nanocomposites. The present study may find potential applications in technologically interesting systems, such as nanotube-reinforced composites. In a future study, one may wish to explore the existence of similar connections for noncircular fibers.
